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Abstract. We determine the minimum vertex degree that ensures a perfect match- 
ing in a 3-uniform hypergraph. More precisely, suppose that H is a sufficiently large 
3-uniform hypergraph whose order n is divisible by 3. If the minimum vertex de- 
gree of H is greater than f™" 1 ) — ( 2t !/ 3 ), then H contains a perfect matching. This 
bound is tight and answers a question of Han, Person and Schacht. More generally, 
we show that H contains a matching of size d < n/3 if its minimum vertex degree 
is greater than ("j 1 ) — ( n 2 d )> which ls a ^ so best possible. 



1. Introduction 

A perfect matching in a hypergraph H is a collection of vertex-disjoint edges of H 
which cover the vertex set V{H) of H. A theorem of Tutte [13] gives a characteri- 
sation of all those graphs which contain a perfect matching. On the other hand, the 
decision problem whether an r-uniform hypergraph contains a perfect matching is 
NP-complete for r > 3. (See, for example, [5] for complexity results in the area.) It 
is natural therefore to seek simple sufficient conditions that ensure a perfect matching 
in an r-uniform hypergraph. 

Given an r-uniform hypergraph H and distinct vertices vi,...,v^ £ V{H) (where 
1 < £ < r — 1) we define du(vi,. . . ,V() to be the number of edges containing each 
of v\, . . . ,V£. The minimum i-degree 5i(H) of H is the minimum of duiyx, . . . ,vi) 
over all ^-element sets of vertices in H. Of these parameters the two most natural 
to consider are the minimum vertex degree Si(H) and the minimum collective degree 
or minimum codegree 5 r ~i(H). Rodl, Rucihski and Szemeredi |12j determined the 
minimum codegree that ensures a perfect matching in an r-uniform hypergraph. 
This improved bounds given in [6j[TT]. An r-partite version was proved by Aharoni, 
Georgakopoulos and Spriissel Q]. 

Much less is known about minimum vertex degree conditions for perfect matchings 
in r-uniform hypergraphs H . Han, Person and Schacht [4J showed that the threshold 
in the case when r = 3 is (l + o(l))|('^'). This improved an earlier bound given by 
Daykin and Haggkvist [3]. Here we determine the threshold exactly, which answers 
a question from [4]. 
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Theorem 1. There exists an uq £ N such that the following holds. Suppose that H 
is a 3-uniform hypergraph whose order n > no is divisible by 3. If 



then H has a perfect matching. 

While finalising the manuscript we learned from [10] that the same result was also 
announced recently by Szemeredi. The following example shows that the result is 
best possible: let H* be the 3-uniform hypergraph whose vertex set is partitioned 
into two vertex classes V and W of sizes 2n/3 + 1 and n/3 — 1 respectively and whose 
edge set consists precisely of all those edges with at least one endpoint in W. Then 
H* does not have a perfect matching and 5i(H) = C^ 1 ) — C^ 3 )- 

The example generalises in the obvious way to r-uniform hypergraphs. This leads 
to the following conjecture, which is implicit in several earlier papers (see e.g. [HE]). 
Partial results were proved by Han, Person and Schacht [4J as well as Markstrom and 
Rucihski [8]. 

Conjecture 2. For each integer r > 3 there exists an integer no = n,o(r) such that 
the following holds. Suppose that H is an r-uniform hypergraph whose order n > n$ 
is divisible by r. If 



then H has a perfect matching. 

It is also natural to ask about the minimum (vertex) degree which guarantees a 
matching of given size d. Bollobas, Day kin and Erdos [2 J solved this problem for the 
case when d is small compared to the order of H. We state the 3-uniform case of 
their result here. The above hypergraph H* with W of size d — 1 shows that the 
minimum degree bound is best possible. 

Theorem 3 (Bollobas, Daykin and Erdos [2]). Let d £ N. If H is a 3-uniform 
hypergraph on n > 54(d + 1) vertices and 



then H contains a matching of size at least d. 

Here we extend this result to the entire range of d. Note that Theorem U] generalises 
Theorem [TJ so it suffices to prove Theorem UJ 

Theorem 4. There exists an hq £ N such that the following holds. Suppose that H 
is a 3-uniform hypergraph on n > no vertices, that n/3 > d € N and that 







Then H contains a matching of size at least d. 
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It would be interesting to obtain analogous results (i.e. minimum degree conditions 
which guarantee a matching of size d) for r-uniform hypergraphs and for r-partite 
hypergraphs (some bounds are given in [3]). 

The situation for ^-degrees where 1 < I < r — 1 is also still open. Pikhurko [9] 
showed that if I > r/2 and H is an r-uniform hypergraph whose order n is divisible 
by r then H has a perfect matching provided that 5i(H) > (1/2 + o(l))( r ™^). This 
result is best possible up to the o(l)-term. In [4j, Han, Person and Schacht provided 
conditions on 5g(H) that ensure a perfect matching in the case when £ < r/2. These 
bounds were subsequently lowered by Markstrom and Rucihski [8]. See [10] for further 
results concerning perfect matchings in hypergraphs. 

2. Notation 

Given a hypergraph H and subsets Vi, V2, V3 of its vertex set V(H), we say that 
an edge V1V2V3 is of type V1V2V3 if V\ G V±, v% G V2 and v$ G V3. 

Let d < n/3 and let V, W be a partition of a set of n vertices such that \W\ = d. 
Define H n d(V, W) to be the hypergraph with vertex set V U W consisting of all those 
edges which have type WW or VWW. Thus H n ^(V, W) has a matching of size d, 

^M(^))-("- i )-("-r i ) 

and H n ^(y, W) is very close to the extremal hypergraph which shows that the de- 
gree condition in Theorem 0] is best possible. V and W are the vertex classes of 
H n , d (V,W). 

Given e > 0, a 3-uniform hypergraph H on n vertices and a partition V, W of 
with = d, we say that H is e-dose to F njrf (F, W) if 

^(^(V.^X^)! <en 3 . 

In this case we also call V and W vertex classes of H. (So H does not have unique 
vertex classes.) We say that H is e-close to H n>c [ if there is a partition V, W of V(H) 
such that |W| = d and if is e-close to H n>d (V, W). 

Given a vertex v of a 3-uniform hypergraph H, we write Nu(v) for the neigh- 
bourhood of v, i.e. the set of all those (unordered) tuples of vertices which form an 
edge together with v. Given two disjoint sets A,B C V(H), we define the link graph 
L V (A,B) of v with respect to A,B to be the bipartite graph whose vertex classes 
are A and B and in which a G A is joined to 6 G B if and only if ab G Nh(v). 
Similarly, given a set A C \^(iT), we define the link graph L V (A) of v with respect 
to A to be the graph whose vertex set is A and in which a, a' G A are joined if 
and only if aa' G Nh(v). Also, given disjoint sets A,B,C,D,E C y(if), we write 
L V (ABCD) for L V (A,B) U L V {B,C) U L V (C,D). We define L V {ABCDE) similarly. 
If M is a matching in if and F are two edges in M with v ^ £7, i 7 , we write 
L V (EF) for L„(V(.E), V(F)). If £1, . . . , E5 are matching edges avoiding v, we define 
L V (E\ . . . E4) and L V {E\ . . . E$) similarly. If e = uw is an edge in the link graph of 
v, then we write ve for the edge vuw of H. A matching in H of size d is called a 
d-mato/iing. 
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Given a set M and k > 2, we write (^f) for the set of all fc-element subsets of M. 
Given sets M and M', we write MM' for the set of all pairs mm' with m £ M and 
m' G M'. 

Given two graphs G and G', we write Gr = G' if they are isomorphic. A bipartite 
graph is called balanced if its vertex classes have equal size. By a directed graph we 
mean a graph whose edges are directed, but we only allow at most two edges between 
any pair of vertices: at most one edge in each direction. We write vw for the edge 
directed from v to w. Given disjoint vertex sets V and W of a directed graph, we 
write e(V, W) for the number of all those edges which are directed from some vertex 
in V to some vertex in W. A directed graph G is an oriented graph if it has at most 
one edge between any pair of vertices (i.e. if G has no directed cycle of length 2). 

We will often write < a\ <C 02 <C 03 to mean that we can choose the constants 
01, a2, 03 from right to left. More precisely, there are increasing functions / and g such 
that, given 03, whenever we choose some ai < f(a^) and a\ < 5(02), all calculations 
needed in our proof are valid. Hierarchies with more constants are defined in the 
obvious way. 

3. Preliminaries and outline of proof 

Our approach towards Theorem [4] follows the so-called stability approach: we prove 
an approximate version of the desired result which states that the minimum degree 
condition implies that either (i) H contains a d-matching or (ii) H is 'close' to the 
extremal hypergraph. The latter implies that H is 'close' to the hypergraph H n ^ 
defined in the previous section. This extremal situation (ii) is then dealt with sep- 
arately. We do this in Section HI where we prove Lemma The proof of Lemma [7J 
makes use of Theorem [3l 

The non-extremal case is proved in Section \E\ As mentioned earlier, an approxi- 
mate version of Theorem [1] was proved in [3]. However, we need to proceed somewhat 
differently as the argument in [4] fails to guarantee the 'closeness' of H to the ex- 
tremal hypergraph in case (ii). (But we do use the same general approach and a 
number of ideas from [1].) 

We begin by considering a matching M of maximum size and suppose that \M\ < d. 
We then carry out a sequence of steps, where in each step we show that we can 
either find a larger matching (and thus obtain a contradiction), or show that H is 
successively 'closer' to H n ,d- Amongst others, the following fact from [4] will be used 
to achieve this (see Figure 1 for the definitions of -Bo33> -B023, -B113). 

Fact 5. Let B be a balanced bipartite graph on 6 vertices. 

• If e(B) > 7 then B contains a perfect matching. 

• If e(B) = 6 then either B contains a perfect matching or B = i?033- 

• If e(B) = 5 then either B contains a perfect matching or B = i?023> -E?ll3- 

We call the vertices of degree 3 in -B113 the base vertices of -B113 and the edge 
between them the base edge of B113. 

To see how the above fact can be used, suppose for example that x%, X2 and x% are 
unmatched vertices, that E and F are edges in M and that the link graphs L Xi (EF) 
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5(123 Btyxi B113 

Figure 1. The graphs B with e(B) > 5 and no perfect matching 

are identical (call this graph B). The minimum degree condition implies that, for 
almost all unmatched vertices x, we have e(L x (EF)) > 5. So let us assume this holds 
for xi,X2,xs. If B contains a perfect matching, it is easy to see that we can transform 
M into a (larger) matching which also covers the X{. If B = -B113, we can use this 
to prove that we are 'closer' to H n ^. In particular, note that if H = H n d, then in 
the above example we have B = Bus. If B = -E>023 5 -E>033 ; we need to consider link 
graphs involving more than 2 edges from M in order to gain further information. 

To find a matching which is larger than M, we will often need several vertices 
whose link graphs with respect to some set of matching edges are identical (as in 
the above example). We can usually achieve this with a simple application of the 
pigeonhole principle. But for this to work, we need to be able to assume that the 
number of vertices not covered by M is fairly large. This may not be true if e.g. we 
are seeking a perfect matching. To overcome this problem, we apply the 'absorbing 
method' which was first introduced in [12]. The method (as used in [1]) guarantees 
the existence of a small matching M* which can 'absorb' any (very) small set of 
leftover vertices V into a matching covering all of V' L)V(M*). (The existence of M* 
is shown using a probabilistic argument.) So if we are seeking e.g. a perfect matching, 
it suffices to prove the existence of an almost perfect one outside M*. In particular, 
we can always assume that the set of vertices not covered by M is reasonably large, 
as otherwise we are done by the following lemma. 

Lemma 6 (Han, Person and Schacht [1]). Given any 7 > there exists an integer 
n o = ra o(7) such that the following holds. Suppose that H is a 3-uniform hypergraph 
on n > no vertices such that 61(H) > (1/2 + 27) Q). Then there is a matching M* 
in H of size \M*\ < 7 3 n/3 such that for every set V' C V(H)\V(M*) with 7 6 n > 
\V'\ G 3Z there is a matching in H covering precisely the vertices in V(M*) U V' . 

4. Extremal case 

The aim of this section is to show that hypergraphs which satisfy the degree con- 
dition in Theorem S] and are close to H n c i contain a d-matching. 

Lemma 7. There exist e > and no G N such that the following holds. Suppose that 
H is a 3-uniform hypergraph on n > no vertices and d < n/3 is an integer. If 

. S 1 (H) > (V) " ( n 2 d ) and 
• H is e-close to H n ^, 
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then H contains a d-matching. 

We will first prove the lemma in the case when H is not only close to H n ^, but 
when for every vertex v most of the edges of H n a < incident to v also lie in H. More 
precisely given a > and a 3-uniform hypergraph H on the same vertex set V(H) as 
H n ,d, we say that a vertex v G V(H) is a-bad if \Nji n <i( v )\Nh(v)\ > an 2 . Otherwise 
we say that v is a- good. So if v is a- good then all but at most an 2 of the edges 
incident to v in H n d also lie in H. We will now show that if d > n/150 then any 
such H contains a <i-matching. 

Lemma 8. Let < a < and let n,d G N 6e suc/i i/iai n/150 < d < n/3. 

Suppose that H is a 3-uniform hypergraph on the same vertex set as H n a - and every 
vertex of H is a-good. Then H contains a d-matching. 

Proof. Let V and W denote the vertex classes of H n ^ of sizes n—d and d respectively. 
Consider the largest matching M in H which consists entirely of edges of type WW. 
Let V 1 denote the set of vertices in V uncovered by M. Define W similarly. For a 
contradiction we assume that \M\ < d. First note that \M\ > n/4. Indeed, to see 
this consider any vertex w G W . Since w is a-good but Nh(w) n ( V 2 ) = 0, it follows 
that \V'\ < 2y/^n. Thus |M| = \V\ V'\/2 > (n - d - 2^/a~n)/2 > n/4. 

Consider v±,V2 G V and w G W where v\ ^ v%. Given a pair eie2 of distinct 
matching edges from M, we say that eie2 is good for V1V2W if there are all possible 
edges e in H which take the following form: e has type WW and contains one 
vertex from {vi,V2,w}, one vertex from e\ and one vertex from e%. Note that if e\e<i 
is good for v\ViW then H has a 3-matching which consists of edges of type WW and 
contains precisely the vertices in e%, ei and {vi,V2,w}. So if such a pair e±e2 exists, 
we obtain a matching in H that is larger than M, yielding a contradiction. 

since |M| > n/4 we have at least ( n / 4 ) > n 2 /40 pairs of distinct matching edges 
ei,e2 G M. Since vi,V2 and are a-good there are at most 3an 2 < n 2 /40 such 
pairs e±e2 that are not good for v\V2W. So one such pair must be good for v\V2W, a 
contradiction. □ 

We now use Lemma [8] to prove Lemma [71 Our strategy is to obtain a 'small' 
matching M in H that covers all 'bad' vertices in H. We will construct M in stages 
so as to ensure that H — V(M) satisfies the hypothesis of Lemma El Thus we obtain 
a (d - |M|)-matching M' of H - V(M), and hence a d-matching M U M' of H. 

Proof of Lemma [7J Let < l/n < e < e' < e" < e'" < 1. By Theorem [3] we 
may assume that d > n/100. Suppose that H is as in the statement of the lemma and 
let V and W denote the vertex classes of H of sizes n — d and d respectively. Since H 
is e-close to H n ^, all but at most 3^/en vertices in H are -y/e-good. Let y bad denote 
the set of ^e-bad vertices in V. Define W bad similarly. So \V bad \, \W bad \ < 3^/en. 

Define c := \W bad \, Vi := VUW bad and Wi := W\W bad . Thus o := |Vi| = n-d+c 
and 6 := \ W\\ = d — c. Moreover, 

mm > - Q - (. - Di- > (" ~ ') - (" ^ d ) - Q - (« - 1* 
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But ( n 2 = ( a 2 l ) + (a — 1)6 + (2) and so 

™> >(vj-f ^M" 2 Mv)- 

Since c < we can apply Theorem [3] to obtain a matching Mi of size c in i2"[Vi]. 

Let Hx := H - V(Mi) and V 2 := Vi\V(Mi). (Note that if VF bad = then 
Hi = H.) So Hi has vertex classes V% and Wi where | V2 1 = a — 3c. Since H is e-close 
to H ni d(y, W) and 3c < El^/en <C e'n we have that i?i is e'-close to ili^i {,(1^, Wi). 
By definition of Wi all vertices in Wi are e'-good in H\. Furthermore, if a vertex 
v G V(Hi) is e'-bad in Hi then ?j G V2 and v G F fead U W^ ad . Let F 2 6ad denote the 
set of such vertices. So \V 2 f | < 3y/en. If V 2 bad = then we can apply Lemma [8] to 
obtain a 6- matching M2 in Hi . We thus obtain a matching Mi U M2 of size b + c = d 
in H . So we may assume that V^ ^ 7^ 0. 

We say that a vertex v G Vlj is useful if there are at least e'n 2 pairs of vertices 
u'tw G V2W1 such that m/tu is an edge in Hi. Clearly we can greedily select a matching 
M 2 in Hi such that 7712 := I-M2I < | V2 | where M 2 covers all useful vertices and 
consists entirely of edges of type V 2 V 2 Wi. Let H 2 := Hi - V(M 2 ), V 3 := V 2 \V(M 2 ) 
and W 2 := Wi\V(M 2 ). Then | V3 1 = \V 2 \ - 2m 2 = a - 3c - 2m 2 and |W 2 | = b - m 2 . 
Note that 

^>>cr)-(V)^-4-H 

Consider any vertex v G V^ od \V(.A!f2). Since tj is not useful, it must lie in more than 

Si(H)-n\V(H) \ V(H 2 )\ - e'n 2 - j^ 2 ') > (1 - e)d L - f\ - e'n 2 - e'n 2 - £ 

2dn 

> d(n -<£)- edn - 2e'n 2 > — 3e'n 2 > 2e'n 2 

edges of H 2 [V 3 ] . Since \V 2 bad \ < 3^/en we can greedily select a matching M 3 in ^[^3] 
of size 777-3 := 

|M 3 | < \V 2 bad \ which covers all the vertices in H 2 which lie in V 2 bad . 
Let H 3 :=H 2 - V(M 3 ) and V4 := V 3 \V(M 3 ). So H 3 has vertex classes V 4 and W 2 
where | V4 1 = | V3 1 — 3777,3 = a ~ 3c— 2m 2 — 3m 3 . Recall that every vertex in V(Hi)\V<2 bad 
is e'-good in Hi. Since V 2 bad C V(M 2 UM 3 ) and - |JT 3 | = 3(|M 2 | + |M 3 |) <C e'n, 
it follows that every vertex of H 3 is e"-good. So certainly for every vertex w G W 2 
there are at least IV4HW2I/2 pairs vw' G V 4 W 2 such that uiuk/ is an edge in H 3 . Thus 
we can greedily find a matching M 4 of size 777,3 such that each edge in M 4 has type 
V4W2W2. 

Let H 4 := H 3 - V(M 4 ), V 5 := V 4 \V(M 4 ) and W 3 := W 2 \V(M 4 ). So tf 4 has vertex 
classes V5 and W 3 of sizes |V>j| = | V4 1 — 777.3 = a—3c—2m 2 —Am 3 = n—d—2c—2m 2 —Am 3 
and IW3I = (W^l - 2777,3 = b — m 2 — 2m 3 = d — c — m 2 — 2m 3 . Moreover, every vertex of 
H 4 is e"'-good. Thus we can apply Lemma [8] to H 4 to obtain a |W3|-matching M5 in 
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H4. But then M1UM2UM3UM4UM5 is a matching of size c+m2+m3+m 3 +|W3| = d 
in H, as desired. □ 

We remark that the only point in the proof of Theorem 2] where we need the full 
strength of the minimum degree condition is when we apply Theorem [3] to find the 
matching Mi in the proof of Lemma [7J 

5. Proof of Theorem d] 

5.1. Preliminaries. We first define constants satisfying 
(2) 

< l/no < l/C «7"<7'«7«£ / «£<i)'«?|<a / «a</) / < J £)<T<l. 
Let H be a 3-uniform hypergraph on n > no vertices such that 

(3) S 1 (H) > ^ 2 " C 2 " (1 " Y)d(n " d/2) ' 

where d is an integer such that 1 < d < n/3. (Note that the second inequality in 
([3]) follows from the same argument as (pQ).) We wish to find a d-matching in H. 
Note that Theorem [3] covers the case when d < n/100. So we may assume that 
n/100 < d < n/3. 

Suppose d > n/3 - rn. Since r < 1, © gives us that Sx(H) > (1/2 + 27") (2)- So 
by Lemma [6] there is a matching M* in iif of size \M*\ < (7") 3 n/3 such that for every 
set V' C V(H)\V(M*) with (7") 6 n > \V'\ £ 3Z there is a matching in covering 
precisely the vertices in V(M*) U V . If n/100 < d < n/3 - rn we set M* := 0. 

In both cases we define H' := H - V(M*). (So H' = H if n/100 < d < n/3 - rn.) 
Thus 

(4) 6i(H') > 61(H) -in 2 . 

Let M be the largest matching in H' . Clearly we may assume that \M\ < d. Theo- 
rem [3] implies that 

(5) n/200 < \M\ < d. 

Let V M ■= V(M) and V := V(H')\V M - So \V \ < n-\V M \- If n/100 < d < n/3-rn 
then I Vol > n — 3d> 3rn. Suppose d > n/3 — rn. If |Vq| < (j") G n, then by definition 
of M*, there is a matching M 1 in H containing all but at most two vertices from 
V(M*) U Vq. But then M U M' is a matching in H of size [n/3j > d, as desired. So 
in both cases we may assume that 

(6) {l"fn< \V \ <n-\V M \. 

5.2. Finding structure in the link graphs. In this section we show that 'most' 
of our link graphs L V (EF) with v G Vq and EF G ( 2 ) are copies of -B113 (recall that 
f?H3 was defined after Fact [5]). 

Claim 9. There does not exist V1V2V3 G (^°) and EF G (^) such that 

• L Wl (EF) = L V2 (EF) = L V3 (EF) and 

• L Vl (EF) contains a perfect matching. 
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Proof. The proof is identical to the proof of Fact 17 in [4]. We include it here for 
completeness. Let E = {xi, X2, X3} and F = {yi, 2/2,2/3} and suppose xiyi, x^V2 and 
X3J/3 is a perfect matching in L Vl (EF). Since these edges lie in L Vi (EF) for each 
1 < i < 3 the edges vix%yx, ^2^22/2 and ^3X32/3 lie in H'. Replacing E and F in M 
with these edges we obtain a larger matching in H', a contradiction. □ 

We will now use Claim [9] to show that only a constant number of vertices v G Vq 
have 'many' link graphs L V (EF) containing perfect matchings. 



Claim 10. Let Vq denote the set of all those vertices v G Vq for which there are 
at least en 2 pairs EF G ( 2 ) such that L V (EF) contains a perfect matching. Then 

\n\<c. 

Proof. Let G be the bipartite graph with vertex classes Vq and (^) where {v, EF} 
is an edge in G precisely when L V (EF) contains a perfect matching. So G contains at 
least iV^en 2 edges. If \Vq\ > C then there is a pair EF G (*/) such that d G (EF) > 
Ce > 3 • 2 9 (since 1/C -C e). Since there are 2 9 labelled bipartite graphs with vertex 
classes E and F, there are 3 vertices t>i, 1^2,^3 £ Vq such that L Vl (EF) = L V2 (EF) = 
L V3 (EF) and L Vl (EF) contains a perfect matching. This contradicts Claim [9l as 
required. □ 

Claim 11. Let Vq denote the set of all those vertices v G Vq for which there are at 
least en 2 pairs EF G ( A /) such that L V (EF) = #023,-8033. Then \V "\ < C. 

Proof. Suppose for a contradiction that \Vq'\ > C. Given any v G V ", define an 

auxiliary oriented graph G v as follows: The vertex set of G v is M and given EF G 

there is an edge directed from E to F precisely when L V (EF) = i?o23,-Bo33 where 

E is the vertex class that contains the isolated vertex in L V (EF). Since v G V ", we 

have that e(G v ) > en 2 . 

We call a path E\ . . . E$ of length 4 in G v suitable if its (directed) edges are 

E1E2, E3E2, E%E± and E^E^. Our first aim is to find at least e'n 5 suitable paths in 

G v . Choose a partition V\,Vi of V(G V ) such that ec„(Vi, V2) > e(G v )/5 > en 2 /5. 

(To see the existence of such a partition, consider the expected number of edges from 

V\ to V2 in a random partition of V(G V ).) Let G' v denote the undirected bipartite 

graph with vertex classes V\ and V2 whose edges are all those edges in G v that are 

oriented from V\ to V2. Since e(G' v ) > en 2 /5, G' v contains a subgraph G" with 

d(G'v) ^ d(G' v )/2 > en/5. Thus we can greedily find at least 

1 en (en \ (en \ . = 

1 ... 4 > e'n 5 

25V5 / V5 J ~ 

paths of length 4 in G" whose endpoints both lie in V\. By definition of G", each of 

these paths corresponds to a suitable path in G v . 

Consider a suitable path E1...E5 in G v . So L v (E2Ez) , L v (EzE^) = -Bo23,-Bo33 

with the isolated vertex in both graphs lying in E%. Choose edges e\ of L V (E2E$) and 

e2 of L v (E^Ei) such that e\ and e2 are disjoint. Since L V (E\E2) = #023, -B033 and E\ 

contains the isolated vertex in this graph, there is a 2-matching {e^, e^} in L V (E\E2) 

that is disjoint from e\. Similarly since L V (E^E^) = -E>o23,-Bo33 and E$ contains 
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the isolated vertex in this graph, there is a 2-matching {es,e6} in L V (E 4 E^) that is 
disjoint from e 2 . Hence LviEiE^E^E^E^) contains a 6-matching {ei, e 2 , e 3 , e 4 , es, e^}. 

Let G be the bipartite graph with vertex classes Vq and the set (M) 5 of all ordered 
5-tuples of elements of M where {v , E1E2E3E4E5} is an edge in G precisely when 
Ei . . . E$ is a suitable path in G v . So G contains at least iV^'le'n 5 edges. 

Since \V Q "\ > C there exists E 1 E 2 E 3 E A E 5 G (M) 5 such that d G (EiE 2 EzE±Er,) > 
Ce' > 6-2 36 . Further, there are at most 2 36 distinct graphs in the collection of all those 
graphs L V {E\E^E^E^E^) for which v G Ng(E\E2EzE±Ez ) ). Thus there are 6 vertices 
v x ,...,v 6 G V " such that v u . . . ,v 6 G N G (E 1 E 2 E 3 E 4 E 5 ) and L Vl (E 1 E 2 E 3 E 4 E 5 ) = 
■■■ = L Vf .(EiE 2 E 3 E 4 E 5 ). Let {xiyi, . . . ,x 6 y 6 } be a 6-matching in L Vl (EiE 2 E 3 E 4 E 5 ). 
So {v±xiyi, . . . , ^6^62/6} is a 6-matching in H' . Replacing the edges E±, . . . , E§ in M 
with {vixmi, . . . ,vqXqi/q} we obtain a larger matching, a contradiction. □ 



Claim 12. Lei Vq" denote the set of all those vertices v G Vq which fail to satisfy 
(7) e(L v (V ,V M )) < (1 + V7)N|M|. 



T/ien |Vq'"| < C. 

Proof. Suppose for a contradiction that \Vq"\ > C > 2/7'. Given an edge E in M, 
we say that E is 500c? /or u G Vq" if at least two vertices in E have degree at least 3 
in L V (E, Vq). For every v G Vq", there are at least 7'|M| edges in M which are good 
for v. (To see this, suppose there are fewer edges which are good for v. Then 

e(L v (V ,V M )) < (l- 7 ')|M|(4 + |y |) + 7 , |M| -3|y | 

< |M||V&| ((1 - 70(1 + 7) + 37') < (1 + VY)\Vq\\M\, 

a contradiction to the fact that v G Vq".) This in turn implies that there are vi,v 2 G 
Vq" and an edge E in M which is good for both v\ and v 2 . Then the definition of 
'good' implies that are disjoint edges e\ G L Vi (E,Vq) and e 2 G L V2 (E, Vq) which do 
not contain x>\ or v 2 . Now we can enlarge M by removing E and adding v\e\ and 
v 2 e 2 . This contradiction to the maximality of M proves the claim. □ 



Claim 13. Every vertex v G Vq\Vq" satisfies 

e(L v (V M )) > (5-7) 



|M| 
2 



Proof. Suppose v G Vq\V "' . Then as e{L v (V )) = 

e(L v (V M )) > S^H) - e(L v (V , V M )) - l'n 2 

©,0 / 

> (1 - i)d{n - d/2) - (1 + v/Y) |V ||M| - 7 'n 2 
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Now note that the function d(n — d/2) is increasing in d for d < n/3. So 

,'„2 



e(L v (V M )) > (1 - i)\M\ (n - ^\ - (l + V?) (" - 3|M|)|M| - 7'n 2 

> frt|M| - i^L - 7 n|M^ - (n|M| - 3|M| 2 + Vt 7 "!-^) - 7 'n 2 



f^I_ 4 00«><5- 7 )('*' 
which completes the proof of the claim. □ 

Claim 14. Let Vq" denote the set of all those vertices v G ^cA^o'" for which there 
are at least r\n 2 pairs EF G (^) such that L V (EF) contains at most 4 edges. Then 
\V ""\ <2C. 

Proof. Suppose for a contradiction that \V ""\ > 2C . Let v G Vq'". At most 3\M\ 
edges e = W1V2 in containing v are such that ux an d v% lie in the same edge 
E G M. Thus Claim [13] implies that 

(8) £ e(^(^))>(5-7)( l ^ l )-3|M|>5( l ^ l )- 7 n 2 . 

Let c denote the number of pairs EF G (^) such that L V (EF) contains at most 4 
edges. Then c > r\n 2 and so <jSJ) implies that there are at least r/'n 2 pairs EF G (^) 
such that L V (EF) contains at least 6 edges. Indeed, suppose that this is not the case. 
Then 

e{L v {EF)) <4c + 9r/n 2 + 5 f |M| ) - c = 5 f |M| ) - c + 9?/n 2 
EFe( M 2 ) LV 2 7 J V 2 J 

<<':') -v 

since 7 <C 17' <C 77. This contradicts ((8]), as desired. 

Recall from Fact [5] that a balanced bipartite graph B on 6 vertices that contains 
at least 6 edges either has a perfect matching or B = -E>033- Thus, given any v G Vq" 
there are at least r > n'n 2 j2 > en 2 pairs E\Fi, . . . , E r F r G ( 2 ) such that either 

• L v (E{Fi) contains a perfect matching for all 1 < % < r or, 

• L v (EiFi) B 033 for all 1 < i < r. 

So since |Vg""| > 2C one of the following holds: 

(oji) There are more than C vertices u G Vq"" for which there are at least en 2 pairs 

-E-F G i^£) such that L V (EF) contains a perfect matching. 
(02) There are more than C vertices v G Vq" for which there are at least en 2 pairs 

EF G ( A /) such that L V (EF) ^ 5 033 . 

In either case we get a contradiction: (a\) contradicts Claim [10] and (0:2) contradicts 
Claim CCD □ 
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Recall from Fact [5] that if B is a balanced bipartite graph on 6 vertices with 
e(B) = 5 then either B contains a perfect matching or B = -Bo23,i?ii3- If e(B) > 6 
then either B contains a perfect matching or B = i?033- Thus Claims [TUJ, [TTJ [12] 
and [H together imply that all vertices v eV \ (Vq U F " U Vq" U F "") satisfy 

(/?) L V {EF) fl 113 for at least ( |A 2 J| ) -2en 2 -r/ra 2 > (l-a')^ 1 ) pairs £F G (f). 

Let F * := V \ (VJ U F " U Vq'" U F ""). Thus 

\V \V *\ <5C. 

Moreover, each « G VJj* satisfies 

(9) e(L v {V M )) < 5(1 - a') (^f) + 9a' + 3|M| < 5(1 + a') (^Jf 1 ) . 

Here the term 3|M| accounts for the edges which have both endpoints in the same 
matching edge of M . 

We can now show that M has almost the required size. This will be used in 
Section [5\3l to prove that H is close to H n ^- 

Claim 15. \M\ > d - an. 

Proof. Assume for a contradiction that \M\ < d— an. Consider any v G Vq. Then 

(10) d H >(v) > (1 -j')d(n-d/2) -j'n 2 > d(n - d/2) -2j'n 2 . 

Also e(L v (Vo)) = since M is maximal. Thus 

0,® , /|M|\ y— 

d H /(u) = e(L v (y M )) + e(^(Vo,F M )) < 5(l + a')( 2 J +(1 + 7t 7 )I^o||M| 

< 5(1 + a') C^') + (|M|(n-3|M|) + y/fn 2 ) 

< |M|(n - |M|/2) + Va'n 2 <(d- an){n - d/2 + an/2) + Va'n 2 

< d(n - d/2) - 2 7 n 2 , 

a contradiction to (flQ|) . as desired. (In the third line we again used that the function 
d(n — d/2) is increasing in d for d < n/3.) □ 

In the next sequence of claims, we will show that there are vertices v±, . . . , v io E V^* 
whose link graphs L Vi (Vm) are very similar to each other (see Claim [191 for the precise 
statement). 

Claim 16. Suppose v±, . . . ,vio G ^o* are distinct vertices such that for some EF £ 
{f), L V1 (EF), . . .,L VW (EF) B in . Then L Vl (EF) = ■■■= L Vw (EF). 

Proof. We suppose for a contradiction that the claim does not hold. Since there are 
9 labelled bipartite graphs with vertex classes E and F which are isomorphic to Bn 3 , 
two of the L Vi (EF) must be the same. So we may assume that L V1 (EF) = L V2 (EF) 
but L V1 (EF) ^ L V3 (EF). Let E = {xi,x 2 ,x 3 } and F = {2/1,2/2,2/3}- Suppose 
E(L V1 (EF)) = E(L V2 (EF)) = {x 1 y 1 ,xiy2,xiy 3 ,x 2 yi,x 3 y 1 }. (So xiyi is the base 
edge of L V1 (EF) and L V2 (EF) as defined after Fact E) Since L Vl (EF) / L V3 (EF) 
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there is an edge e G L V3 (EF)\L Vl (EF). We may assume e = X32/3. Replacing F and 
F with v\x\yi,V2Xiy\ and V3X3IJ3 in M we obtain a larger matching, a contradiction. 

□ 

Choose distinct x>\ , . . . , v 10 G VJ? which will be fixed throughout the remainder of 
the proof. 

Claim 17. There is a set £ of at least (1 — a)|M| matching edges E G M such that 
for each E G £ there are at least (1 — a)|M| edges F £ M for which 

L Vl (EF) = ■ ■ ■ = L V10 {EF) <*B m . 

Proof. By (/3) and Claim M there are at least (1 - 10a') ('f) pairs EF G (* f ) 
such that L Vl (EF) = ■ ■ ■ = L V10 (EF) = -B113. This in turn immediately implies the 
claim. □ 



Claim 18. For every E G £ there is a set Te of at least (1 — 2a)|M| edges in M 
such that 

L V1 (EF) = ■■■ = L VW (EF) 9* B n3 for each F G T E and 
{82) in each of the L V1 {EF) with F G T E the same vertex x plays the role of the 
base vertex in E. 

Proof. Since E G £ there is a set T' E of at least (1 — a)\M | edges in M such that 
L V1 (EF) = ■■■ = L V10 (EF) ^ B U 3 for each F G T' E . Let T E ■= F' E n £. Then 
|-^b| > (1 - 2a)\M\ and for each F G Te there are at least (1 - a)\M\ edges F' G M 
for which L V1 (FF') = ■■■= L V5 (FF') ^ B n3 . 

We claim that Te satisfies the claim. Certainly Te satisfies (5i). Suppose for 
a contradiction that there are F\,F2 G Te such that the vertex xi G E that plays 
the role of a base vertex in L Vl (EF\ ) is different from the vertex X2 G E that plays 
the role of a base vertex in L Vl (EF2). Let F' G M be such that L Vl {F2F') = • • • = 
L WB (F 2 F') ^ Bus, and F' ^ E,F\. 

Since L Cl (EFi) = -B113 and / £2, there exists a 2-matching {ei, e{\ in {EF\) 
that is disjoint from X2. Similarly since L Vl (F2F') = -B113 there exists a 2-matching 
{^3, e^} in L Vl (F2F'). Since X2 G £7 is a base vertex in L Vl (EF2), there is an edge es 
from X2 to the vertex in F2 that is uncovered by {e3,e4}. So {ei, e2, e3, 64, es} is a 
5-matching in L Cl (F 1 EF 2 F'). We have chosen Fi , F 2 and F' so that L„ 1 (F 1 EF 2 F') = 
L V2 (F 1 EF 2 F') = ••• = L V5 {F 1 EF 2 F'). Thus M' := {f iei, w 2 e2, w 3 e 3 , w 4 e 4 , f 5 e 5 } is a 
5-matching in H' that contains only vertices from E U F' U F\ U F U {v± , V2 , V3 , V4 , v§ } . 
Replacing E,F',Fi and F2 in M with the edges in M' yields a larger matching, a 
contradiction. □ 

Given E G £, we call the unique vertex a; G V{E) satisfying (^2) a bottom vertex. 
If y G F is such that y ^ x then we say that y is a top vertex. So each F G £ contains 
one bottom vertex and two top vertices whereas none of the at most a\M\ edges in 
M\£ contains a top or bottom vertex. 

Claim 19. There are at least (1 - Qa)\M\ 2 /2 pairs EF G ( A 2 f ) such that 
(ei) L V1 (EF) = ■■■ = L V10 (EF) F 113 ; 
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(£2) both E and F contain a bottom vertex w and z respectively; 
(£3) wz is the base edge of L Vl (EF). 

Proof. Consider the directed graph G whose vertex set is M and in which there is 
a directed edge from E to F if E £ E and F £ Fe ■ Claims H7] and [18] together imply 
that G has at least (1 — 3a)|M| 2 edges and thus at least (1 — 6a)\M\ 2 /2 pairs EF of 
vertices in G must be joined by a double edge. But each such pair EF satisfies the 
claim. □ 



5.3. Showing that H is y/p-close to H n> ^. We have now collected all the informa- 
tion we need for showing that H is close to H n ^(V, W), where W will be constructed 
from the set of bottom vertices in M . More precisely, let W denote the set of all the 
bottom vertices. So Claims [151 and \T7\ together imply that 

(11) d - 2an < (1 - a)|Af | < \£\ = \W'\< \M\ < d. 
Let V' denote the set of all the top vertices in H. Thus 

(12) 2d - Aan < 2(1 - a)\M\ < \V'\ = 2\W'\ < 2d. 

Choose a partition V, W of V(H) such that \W\ = d, W C W, V C V. Note that 
since (jlip implies that \W \ W'\ < 2an, all but at most 2an vertices of Vq lie in V. 
Our aim is to show that H is -^/p-close to H n ^(V, W). Note that showing this proves 
Theorem d] as we can apply Lemma [7] since we chose p <C 1 in ([2]) . 

Claim 20. H does not contain an edge of type V'VqVo. 

Proof. Suppose that the claim is false and let v'vvq be an edge of H with v' € V 
and v,vq S Vq- Let E S £ be the matching edge containing v' . Take any F € Te- 
Take any 2 vertices from vi,..., viq which are not equal to vo or v, call them x and 
y. Since v' is a top vertex of E, it follows that L X (EF) contains a 2-matching e\, e<i 
avoiding v' . Note that this is also a 2-matching in L y (EF). Now we can enlarge M 
by removing E, F and adding v'vvq, xe\ and ye2- This contradicts the maximality 
of M and proves the claim. □ 



Claim 21. 

• H contains at least (1 - p')l w 'll^'ll^o| edges of type W'V'Vq. 

• H contains at least (1 — pOl^ol( 2 ') ec ^9 es °f tyP e W'W'Vq. 

• H contains at most p'|Vb|('^ ') edges of type V'V'Vq. 

Proof. To see the first part of the claim, consider any v £ Vq and any pair w', v' 
with w' S W and v' G V . Both w',v' could lie in the same matching edge from 
M, but there are at most 3\M\ such pairs. Also, w',v' could lie in a pair E,F of 
matching edges from M for which either L V {EF) 9= -B113 or which does not satisfy 
(si)— (£3) in Claim [191 But (/?) and Claim [T9l together imply that there are at most 
^fan 2 such pairs E, F. So suppose next that w', v' lie in a pair E, F satisfying 
L V (EF) B 113 and (ei)-(e 3 ). Then L V (EF), L V1 (EF), . . . , L VQ (EF) ^ B n3 and so 
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L V (EF) = L V1 (EF) = ••• = L vg (EF) by Claim US Conditions (e 2 ) and (e 3 ) now 
imply that w'v' G E(L V (W', V')). So 

e(L v {V',W')) > \V'\\W'\ -2^n 2 > (1 - p'/2)\V' \\W'\. 

Summing over all vertices v GV * and using that | Vb \ V * \ < 5C implies the first part 
of the claim. The remaining parts of the claim can be proved similarly. □ 



Claim 22. H contains at least \W'\( 'g ') — pn 3 edges of type W'VoVo. 

Proof. Consider any v G Vo- By Claim [20l there are no edges in L V {V(H)) with one 
endpoint in V and the other in Vo- By (jlip there are at most 3a|M|n < 3are 2 edges 
in L V (V(H)) with one endpoint in Vm\{V U W) and the other in Vo- Furthermore, 
L v (Vo) contains no edges. Thus, 

e(L v (W',V )) > SxiH') - e(L v (V M )) - 3an 2 

m f m (1 -y )(! („-0-y„ 2 - S ( 1 + a o(W)-3^ 
f (1 _ y)|M| ( n _M)_ (5 + ^ 



> \M\(n-3\M\)-y/a\M\n> \W\\V \ - p'n 2 . 

As earlier, here we use the fact that the function d(n — d/2) is increasing in d for 
d < re/3. Summing over all vertices v £ Vq and using the fact that \Vq \ V *\ < 5C 
now proves the claim. □ 



Claim 23. 

• H contains at least (1 — ') edges of type WW'. 

• H contains at least (1 - p)\ V'\ i} W ^) edges of type W'W'V. 

Proof. First note that the last part of Claim [2T1 implies that all but at most 2y / p 7 n 
vertices x G V lie in at most y^l^'l |Vo| edges of type V'V'Vq. Call such vertices 
x useful. Consider any useful x. Then x G E' for some E' G £ Q M. Further, 
since x is a top vertex in E' , certainly there exists an edge F' G M such that 
L V1 (E'F') = L V2 (E'F') = B\i3, where x is not a base vertex in L V1 (E' F'). So 
L V1 (E'F') contains a 2-matching {e±,e2} which avoids x. 

Consider any pair EF G ( M \{^'}) satisfying (ei)-(s 3 ). We claim that L X (EF) C 
L Vl (EF). Indeed, if not then there exist disjoint edges e^^e^ and es such that e^ G 
E{L X (EF)) and e 4 ,e 5 G E(L V1 (EF)). Since L Vl (E'F') = L V2 (E'F') and since EF 
satisfies (e\) we have that v\e\, V2e2, xe^, v^e^ and v^e^ are edges in H' . Replacing 
E, F, E' , F' with v\e\, ^2^2, xe^^v^e^ and ^465 in M yields a larger matching in H', a 
contradiction. So indeed L X {EF) C L Vl {EF). 

There are at least (1 - 6a)\M\ 2 /2 - 2\M\ > (l-7a)\M\ 2 /2 pairs EF G ( M \{S',F'}) 
satisfying (ei)-^). We claim that at most p 2 \M\ 2 /2 of these pairs EF are such 
that L X (EF) contains fewer than 5 edges. Indeed, suppose not. Since for such EF, 
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L X (EF) C L Vl (EF) = -B113, the number of edges of H which contain x and have no 
endpoint outside Vm is at most 

4 • p 2 \M\ 2 /2 + 5 • (1 - 7a - p 2 )\M\ 2 /2 + 9 • 7a\M\ 2 /2 + 3|M| < (5 + 30a - p 2 )\M\ 2 /2. 

Here the third term accounts for edges between pairs not satisfying (ei)— (£3) and the 
final term for edges with 2 vertices in the same matching edge from M. Let us now 
bound the number of edges containing x which have an endpoint outside Vm- There 
are at most |W'|(n — 3|M|) < |M|(n — 3|M|) such edges having an endpoint in W' 
and at most ^fan 2 such edges having an endpoint outside V U W U Vo- Since H 
has no edge of type V'VbVo by Claim [20l the only other such edges consist of x, one 
vertex in V and one vertex in Vo- But since x is useful the number of such edges is 
at most vVI^'ll^bl- Thus in total there are at most |M|(n — 3|M|) + 2y/p f n 2 edges 
which contain x and have an endpoint outside Vm- So the degree of x in H is at 
most 

(5 + 30a- p 2 )\M\ 2 /2 + \M\{n-3\M\) + 2^/p~'n 2 < \M\(n - \M\/2) - p 3 n 2 

, „ (0,(0 
< d(n - d/2) - p 3 n 2 < Si(H), 

a contradiction. Thus there are at least {I - 7a- p 2 )\M\ 2 /2 pairs EF G ( A/ \^'' F '>) 
satisfying (ei)-(e^) such that L X (EF) = L Vl (EF) = -B113. Let V denote the set of 
such pairs. 

Now consider any pair w',v' with w' £ W and v' £ V \ {x}. Both w',v' could 
lie in the same matching edge from M, but there are at most 3\M\ such pairs. Also, 
w r , v' could lie in a pair E, F of matching edges which does not belong to V . But 
there at most 5p 2 \M\ 2 such pairs w' , v' . So suppose next that w', v' lies in a pair E, F 
belonging to V. Since L X {EF) = L V1 (EF) = B U3 and EF satisfies (e 2 ) and (e 3 ) it 
follows that w'v' £ E(L X (EF)). Thus e(L x (W',V')) > (1 - 6p 2 )|W||y'|. Summing 
over all useful vertices x € V proves the first part of the claim. The second part 
follows similarly (the only change is that we consider a pair w[ , w' 2 € W in the final 
paragraph) . □ 

Claims [2TH231 together with (jlip and (|12|) now show that H contains all but at 
most ^fpv? edges of type WW and WWV and thus H is ^/p-close to H n ^(V,W). 
Hence H contains a perfect matching by Lemma 

Remark. One can also obtain Theorem 0] by proving the result only in the case 
when d = \n/?>\ . Indeed, suppose that H is as in the theorem. Let a := [in — 3d)/2j . 
Obtain a new 3-uniform hypergraph H' from H by adding a new vertices to H such 
that each of these vertices forms an edge with all pairs of vertices in H' . It is not 
hard to check that 8\{H') > i} H '^f l ) - (l^'l-LI^'l/ 3 J) an d so has a matching M' 
of size [|-ff'|/3j. One can then show that M' contains at least d edges from H, as 
desired. (We thank Peter Allen for suggesting this trick.) 

However, the proof of Theorem[4]is only slightly simpler in the case when d = [n/3\ 
(we do not need Claims [2014221 in this case) and to show that the above trick works, 
one requires some extra calculations. 
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